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Introduction

v

p distribution on Z such that Y 72 ku(k) <1, p(1) <1.

v

7 branching tree with offspring distribution .

» O(7) total progeny of 7.

> U, ..., Uo(r)—1 Vvertices of T ranked in the breadth first search
order.
» ky(7) number of children of u € 7.



Introduction
The genealogy of any tree 7 is encoded through :
Xo=0, X,11(1)=Xp(r)=ky,(1)—1, 0<n<O(r)—-1.
(Xn)n>0 downward skip free random walk with step distribution :

P(X1=1)=pui+1).
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Introduction

The law of O(7) follows from the identity :
O(r) =inf{n: X,, = -1}

and the theorem :

Theorem (Ballot theorem)

Let Ty, = inf{n : X,, = —k}, then for any k > 1,

P(T}, = n) = %]P’(Xn = —k).

Consequence (Dwass, 1969) :



Progeny of 2-type branching processes

p1 and pg probabilities on Zy x Z.

Z, = (Z,gl), Zflz)), n > 0, 2-type branching process with progeny
law (g1, p2), such that Zy = (1,0). Assume that

T :=inf{n:Z, =0} <oo, as.

What is the joint law of

T
0O, = Z ZS) = total number of individuals of type 1 at time T’
n=0
T
Oy = Z Z?) = total number of individuals of type 2 at time T'?

n=0



Progeny of 2-type branching processes

Define the mean matrix :

mg; = Z zjui(z), i,j S {1,2} .

2
z€Z%

> mig > 0,1 > mj; > 0 and mgy = mgo; = 0, (Bertoin, 2010) :

1
P(Ol = 7”L1,02 = ng) = ;Ninl(nl_l’m)’ niy Z 1, no Z 0.
1

> mio > 0,1 > mq1,moe >0 but mo; = 0,

P(O1 = n1,02 = n2) Zjﬂ*m n1—1, ) p5"*(0,n2—j).

nln



Progeny of 2-type branching processes

In all the remaining cases the matrix (1m;;); je{1,2) (or the process
Z) is irreducible, i.e.

mio >0 and mo; > 0.

Let p be the dominant eigenvalue (Perron-Frobenius).

Then,

p<l<=T:=inf{n:Z, =0} <oo, as..

The process is said to be critical (p = 1) or subcritical (p < 1).



Progeny of 2-type branching processes

: total number of individuals of type 1.
: total number of individuals of type 2.
: total number of individuals of type 1 whose parent is of type 2.

: total number of individuals of type 2 whose parent is of type 1.



Progeny of 2-type branching processes

O : total number of individuals of type 1.
O : total number of individuals of type 2.
N7 : total number of individuals of type 1 whose parent is of type 2.

Ns : total number of individuals of type 2 whose parent is of type 1.

Theorem

Assume that Z is irreducible and critical or subcritical and
Zo = (1,0). Then for alln; > 1 n9 >0, 0 <k <nj and
0 < ks <ngo,

P(O1 =n1,02 =ng, N1 = k1 — 1, Ny = ko) =

k2 *nq *M
— k1., k 2(k — ko).
L (n1 — k1, k2)py*® (k1,2 — k2)




Encoding 2-type forests

Define a 2-type forest,
F = {t1,t2,...},

as an infinite sequence of independent 2-type rooted trees, with
progeny law (u1, p2).

» Each vertex u € t; is either of type 1 or type 2.
» The root of each tree is of type 1.

» Vertices of F are ranked in the lexicographical order.



Typel= @

Type2= @



Encoding 2-type forests

Ordering vertices of type 1 :

» Subtrees of type 1 are ranked according to the breadth first
search order of their roots in the forest :

tgl),t(l) t(l)

2 gy by Ty e

» Then vertices uz(l), .. ,u§1) of t%l) are ranked according to the

'local’ breadth first search order of t,(ll) :

(1) (1) (1) (1)
Uy sy U — g Wy e U G e

tgl) t(21)
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Encoding 2-type forests

Let k;(u) be the number of children of type i of the vertex w.

Then define the integer valued chains X = (X, X)) and
Y = (YW v®)by:

xM - xM k@) -1 v v = kW)

n+1
x® - xP = k() YO - v = by (u) - 1.
Proposition

The chains X andY are independent random walks in 7 x Z. and
7y X 7., respectively, with step distributions :

P(X1=(i,4) =m@+1,5), PO1=(4) =p(ij+1).



Encoding 2-type forests
Define
Ty =inf{n: X" = —k} Sy =inf{n:V,? = —k}.

Then,
» X@)(T},) is the number of subtrees of type 2 encountered
when k subtrees of type 1 have been visited,
> Y(l)(Sk) is the number of subtrees of type 1 encountered
when k subtrees of type 2 have been visited.



Encoding 2-type forests
Define
Ty =inf{n: X" = —k} Sy =inf{n:V,? = —k}.

Then,

» X@)(T},) is the number of subtrees of type 2 encountered
when k subtrees of type 1 have been visited,

> Y(l)(Sk) is the number of subtrees of type 1 encountered
when k subtrees of type 2 have been visited.

Therefore, if k;, 7 = 1,2 is the total number of subtrees of type i in
the first tree t; of the 2-type forest F, then

ko= X®@) (Tk,)
ki =14+YW(S,).



Encoding 2-type forests
Let (K1, k2) be the smallest solution of

ko = X@ (Th,)
(S) { ki=1+ Y(l)(SkQ) .

Recall that t; is the first tree of the 2-type forest F.
Proposition
» ki, i = 1,2 is the total number of subtrees of type i in t;.

» Ty, @ = 1,2 is the total number of individuals of type i in t;.

> t1 is encoded by the two 2-dimensional chains :

(X, X2, 0 <n < Ty,
(YD, 7)), 0 <n < S,



The progeny law

Recall that :
» O; : total number of individuals of type 1.
> O, : total number of individuals of type 2.
» N; : total number of individuals of type 1 whose parent is of type 2.

» N, : total number of individuals of type 2 whose parent is of type 1.
ky = XO(Ty,))
(5) _ )
k‘l =14+Y (Skz)
Then,

P(O1 =n1,02 =ng, Ny = k1 — 1, Ny = ko) =
P(Tk, = n1, Sk, = n2 and (k1, k2) is the smallest solution of (.5).)



The progeny law

(5) { F2=XP(T)
k1 =1+YW(S,).

Define

Uk = X(Q)(Tkl), Vk: = Y(l)(SkQ) and Wk = V(Uk) .

Then (Wy, — k, k > 0) is a downward skip free random walk and
the smallest solution of (S) is given by :

ki =inf{k: W, —k=—1}.



The progeny law

So that
P(O1 =n1,02 =ng, Ny = ki1 —1,Ny = ky)
=P(Ty, = n1, Sk, = ng, k1 =inf{k: Wy, — k= -1}, XO(T},)) = ky)

= £P(Tk, = n1, Sk, = no, Wi, = k1 — 1, XO(Ty,, ) = ko)



The progeny law

So that
P(O1 =n1,02 =ng, Ny = k1 — 1, Ny = ky)
=P(Ty, = n1, Sk, = no, ky = inf{k: Wy — k = -1}, X (T},) = ko)
= %P(Tkl =n1, Sk, = ng, Wi, =k — 1, XO(T,) = ko)

= k%P(Tkl =n1, Sk, = n2, YD (Sy,) = k1 — 1, XO(T},,) = ko)



The progeny law

So that

P(O1 =n1,02 =ng, Ny = ki1 —1,Ny = ky)

= k%]P’(Tkl =n1, Sk, = n2, YD (Sy,) = k1 — 1, XO(T},) = ko)

= ]Tll]P)(Tkl =ny, Sk2 = n27Y(1)(n2) =k - ]-aX(z)(nl) = kQ)



The progeny law

So that

P(O1 =n1,02 =ng, Ny = ki1 —1,Ny = ky)

= = P(Ty, = n1, Sk, = 12, Y M (ng) = by — 1, X (ng) = ko)

= EP(Th, = n1, X&) = ka)P(Sk, = na, Vi) = k1 — 1)



The progeny law

So that

P(O1 =n1,02 =ng, Ny = ki1 —1,Ny = ky)

= EP(Th, = n1, X&) = ka)P(Sk, = na, Vi) = k1 — 1)

*71

= SRy (= ke, ko) ps" (R, na — ko)



The progeny law

So that

P(O1 =n1,02 =ng, Ny = ki1 —1,Ny = ky)

*M1

= SRy (= ke, ko) s (R, na — ko)



The progeny law

When Zy = (r1,72) :

Theorem

Assume that Z is irreducible and critical or subcritical and
Zo = (r1,72). Then for allny > 1 n9 >0, 0 < ky <ny and
0 < ko < ngo,

P(O1 =n1,02 =na, N1 = k1 —r1,No = ka —13) =

k k1 —
ELENNELE py™ (na = ke, ko) g™ (k1 ng — ko) -

ning



The progeny law

Three types :
> A;; = number of individuals of type j whose parent is of type «.

Theorem

Assume that Z is irreducible and critical or subcritical and
Zo = (7“1,7"2,7“3). Then for all n; > 1 and 0 < kij < n;g, j = 1,2,3,

P(O1 =n1,02 = ny,03 =ng, Ajj = kij,i =1,2,3,i # j) =
(ninang) ' {r1[(rs + k12)kas + (kg + 12 + k12) (73 + k13)|+
ko1[rsksa + (ko3 + 13 + k13)re] + kai[rokes + (k32 + 1o + ki2)r3]}
xpy" (n1 — ko1 — k31 — 11, k12, k13)
Xpiy"? (k21,2 — k12 — k3 — 72, ka3)

X 3" (kgy, k32, ng — kig — kog — 173) .



